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Feasibility of Rotational Destratification of
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A method is presented for determining the onset of a thermally induced, convective mix-
ing motion in a model of a eylindrical space-storage tank subjected to a constant heat flux at
its outer boundary. The model simulates a completely filled, liquid cryogen tank with shear-
free ends rotating in a low-gravity environment. The governing disturbance equations re-
duce to a self-adjoint eigenvalue problem for the critical Rayleigh number (the stability eri-
terion). Using the Rayleigh-Ritz technique of approximating eigenvalues with an equiva-
lent vaviational principle, the critical Rayleigh number is calculated as a function of the
Taylor number (the ratio of Coriolis forces to viscous forces) and the aspect ratio (length-
to-diameter ratio) of the cylindrical tank. The results indicate that the critical Rayleigh
number is a monotonically increasing function of Taylor number and a monotonically de-
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creasing function of aspect ratio.

I. Intreduction

ECAUSE of their excellent propulsive characteristics,
eryogens are used as primary propellants for space ve-
hicles. A major problem associated with unmixed space-
stored cryogens is the determination of the rate of tank-
pressure rise due to external heating (e.g., solar radiation).
Typically a storage tank is designed with some upper Limit
on pressure and an associated tank-wall thickness. If the
allowable pressure is inecreased, there is a corresponding in-
crease in tank-wall thickness and tank weight. For short
missions the tank pressure is maintained by continuous vent.
However, for long-duration mission the loss of ecryogen
through continuous vent is excessive.

To circumvent this problem the tank pressure is allowed
to build up, and its rate of buildup is controlled by employing
appropriate tank-wall insulation. This method is inefficient
since in a zero-gravity environment, buoyant forces are non-
existent and no convective mixing can occur. The cryogen
becomes thermally stratified and the maximum heat-storage
capability of the cryogen is not utilized. At present there
are two upper limits that can be placed on the rate of tank-
pressure rise. A maximum upper limit is obtained if it is
assumed that all the heat entering the tank goes to the vapor.
If it is assumed that all the heat entering the tank goes to
the completely mixed liquid, then a minimum upper limit is
obtained. Information from Holmes* was used to construct
the two tank-pressure history curves represented sche-
matically in Fig. 1. Since the thermal stratification problem
is not completely understood, the tank designer must use the
maximum upper limit curve for safety reasons. Thus, fre-
quent depressurization ecycles must be scheduled to insure
that a space mission of long duration will be successful.

If the eryogen is completely mixed, a 200- to 300-day
mission can be accomplished without depressurizing the
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tank. To reduce the number of depressurization cycles,
pumps can be installed in the tank to circulate the liquid
cryogen and maintain the eryogen at a uniform temperature.
In this study we consider the possibility of rotating the tank
to initiate and maintain a thermally destratifying convective
motion within the vessel. Rotational destratification could
supplement or substitute for the more conventional methods
of mixing.

In order to examine the proposed method, the important
features of the system are incorporated into a simple theo-
retical model of an orbiting propellant tank. A fluid-filled
rotating cylinder (with angular velocity Q) in a zero-gravity
environment is subjected to a constant heat flux ¢ at its outer
boundary. A convective motion will be initiated within the
eylinder when the thermally induced buoyant forces (radially
directed) are sufficient to overcome viscous forces. The
marginally unstable state is determined by the critical value
of the Rayleigh number. The problem is thus reduced to a
thermal stability problem similar to those discussed by
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Fig.1 Schematicrepresentation of cryogen tank pressure
history.



128 I. CATTON AND M. SHERMAN

Fig. 2 The geometry and coor-
dinate system of the cylindrical
tank.

Chandrasekhar.! Here the Rayleigh number is given by
R = qaQ%*/vkx )]

where b is the eylinder radius, and «, », k, and « are the fluid
coefficients of thermal expansion, kinematic viscosity,
thermal diffusivity, and thermal conductivity, respectively.
The critical Rayleigh number is a function of a parameter
which appears in all rotating fluid systems, the Taylor number,

T = 4Q%%/»? (2)

and a geometrical shape parameter, the cylinder aspect ratio
1/2b, where [ is the cylinder length. In what follows, the
functional relationship between critical Rayleigh number,
Taylor number, and cylinder aspect ratio is calculated for
the rotating fluid cylinder.

II. Governing Equations

Initially a quasi-incompressible (Boussinesq) fluid fills a
eircular eylinder which is rotating about its 2 axis (see Fig. 2)
in a zero-gravity environment. A constant heat flux is main-
tained on the cylinder’s radial periphery at all times. The
initial velocity, temperature, and pressure distributions in
the rotating frame of reference are given by

Uo =0
Vro = lg/(xb)]re, 3)
Vpo = pQ[l — (ag/2b)Tre,

where p is the mean fluid density, r is the radial eoordinate,
and e, is a unit radius vector.

It is assumed that instability appears via a marginal sta-
tionary state; hence the governing perturbation equations
in dimensionless form are

divu = 0 @)
curl curlu + grad p + Rrre, + TV X k=0 (5)
Vir = u-re, (6)

where u, 7, and p are the velocity, temperature, and pressure
disturbances measured in units of k/b, ¢b/k, and pvk/b2,
respectively. Here k is the unit vector along the z axis.
If it is assumed that all perturbations are axially symmetrice
(independent of the azimuth angle, 8), then it is convenient
to express the solenoidal velocity disturbance as the super-
position of a poloidal and a toroidal vector field. Thus one
can write

u = curl[(W(rzes] + TV*P(r2)e, @)

where ¥ and @ are defining scalars, and e; is a unit vector in
the azimuthal direction. After eliminating the pressure by
taking the curl of Eq. (5), and using the velocity field de-
seription given by Eq. (7), the governing perturbation
equations assume the form

curl curl curl curl (¥eg) 4 R curl(rre,) —
T curl(@ey X k) = 0 (8)
curl curl (®ey) + kX curl(We,;) = 0 Q)
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V2r = re,-curl(¥ey) (10)

Equations (8-10) may be written in an equivalent form by
carrying out the indicated vector operations. One then
obtains ‘

LV + Rr(d7/02) — T(@9/d2) = 0 11)
L3® = —(dy/02) 12
Vir = —r(d¢/02) (13)

where
L2=203/0r[0/or + 1/r] + 0%/0z%

On the constant heat flux, rigid, radial bounding surface, the
boundary conditions are

¥ = (Qy/or) = ® = (0r/0r) = 0atr = (14)

For convenience, the cylinder’s end bounding surfaces (z =
+1/2b) are assumed to be insulated, shear-free boundaries;
hence the boundary conditions on these surfaces are

¥ = @2/02%) = (0B/02) = (07/d2) = O atz = =(I/2b)
(15)

Equations (11-13) and the boundary conditions given by
Eqgs. (14) and (15) form a self-adjoint eigenvalue problem for
the Rayleigh number with the Taylor number as a parameter.
A variational principle corresponding to the eigenvalue
problem can be constructed as follows. Multiply Eqgs. (11),
(12), and (13) by ¥, ®, and 7, respectively, and then integrate
over the cylindrical region (indicated by {( )). Integrating
by parts and employing the boundary conditions yields

(YL + Rr(0r/02)¢) — T{(0P/d2)¢) =0
(@L%®) = (Y (0P/02))
Vir) = (r(d7/02)¢)

Combining these expressions yields the Rayleigh number as
the extremal values of

R = [(VL4) — T(@LX®))/— (V1) (16)

with
L*® = —(0y/0z) (17)
Vir = —r(dy/dz) (18)

in the cylindrical region and the boundary conditions given
by Egs. (14) and (15). The Rayleigh-Ritz approximation
method  is ‘used with the preceding variational principle-to
obtain upper-bound estimates to the critical Rayleigh num-
ber. A trial function for ¥ is constructed which satisfies
all the boundary conditions, and includes some variational
parameters. Equations (17) and (18) are then solved for ®
and 7 subject to their proper boundary conditions. After
specifying the Taylor number, the Rayleigh number associ-
ated with the trial function can be found from Eq. (16)
and minimized with respect to the parameters. The accu-
racy of the approximation depends on the nature of the trial
function construction. ‘

III. Approximate Solution Method

First the trial function sequence ¥ is constructed from a
complete set of coordinate funetions, each of which satisfies
the boundary conditions on ¥. 1t is convenient to choose
this set of functions so that Eqs. (17) and (18) can be solved
with little effort and the integrals appearing in Eq. (16)
can be evaluated analytically. Thus ¥ is chosen as

@

\I, = Z flj\I,j (19)

i=1
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where 4; are the variational parameters,
W; = f;(r) cosaz
and
Jilr) = Julan)/Ji(ey)] — [iayr)/I(e;)] (20)
Here a = wb/l, a; is the jth root of
Ji(@) () + Jo{a)(a) = 0 (21)

Jn is the Bessel function of the first kind, and I, is the modi-
fied Bessel function of the first kind. Using the aforemen-
tioned expression for ¥ and Eq. (17), one can obtain

L*® = a Y, A;f;(r) sinaz (22)
i=1
and
b =3 A48 (23)
i=1
where
& — g l 202 Lar) 1 Ji(am)
! ajt — at I i(a) a2 4+ a? Ji(a;)
1 Il(aﬂ')

—-—ajz — & Tu(ey) } simaz  (24)

Substituting ¥ into Eq. (18) yields
Vir = ar 3. Af(r) sinaz (25)
=1

Equation (25) is then solved for 7 using the method of vari-
ation of parameters. The result is

=3 A (26)
=1
.where

K1 (a)
11 ((l)

[, rrandr ~ Koo [ r%(r)h(ar)dr} @7

T = a? {Ig(ar) for r2f;(r)Kolar)dr + Iy(ar) X

and K, is the modified Bessel function of the second kind.
Substituting the expressions for ¥, ®, and 7 into Eq. (16),
and minimizing with respect to the variational parameters,
leads to the following infinite system of linear homogeneous

equations for 4;:
d [(\I/jL‘*\I/k) — T@®,Ld)

Z ‘4j R

—4

+ (T;-V%)} =0 (28

where the following elements of the coefficient matrix are

Table 1 Roots of Eq. (21), a;

a1 4.6108999
a 7.7992738
3 10.958067
oy 14.108628
o 17.255727
o 20.401045
ar 23.545322
o 26.688955
oy 29.832137
e 32.975015
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calculated in the Appendix:
, Jola)aley) .

<\I’jL4\I/k> = aj“ + ot — 2a%q; —W’ 7= k
_ 8a%afay? Jolat) JO(Oék)} .
oot — ot {a, Ji(ey) * Ti(aw) ok
at 4a20t Iy(a) Jolay)
P12,y = £l N TN
Bl = T o e L@ Y i)
atai?  Jo(ap)Je(ay) . k
at —at JiMe) 7
e A2y 2y 2 e Io(a)
40’0y, {Olj4 — dart — at 11(a)
Q; Jola) o
oyt — et — ot Iu(ew) ot — onfet —
Jo(ak)} .
Ak (29
oo |7 (29)

The element 7,V2r; cannot be expressed in any simple an-
alytical form; hence it is computed numerically. This
caleulated element and the aforementioned two elements are
symmetric with respect to j and k. The characteristic
determinant of the system of equations is

WL,y — T@L%20 /R + Vol = 0 (30)

For a given Taylor number and cylinder aspeet ratio, the
smallest positive root of Eq. (30) is the critical Rayleigh
number associated with the first mode of instability. If the
trial function sequence, Eq. (19), is truncated after a finite
number of terms, then a characteristic determinant with a
finite number of elements is obtained. Increasing the num-
ber of coordinate functions in the approximating sequence
inereases the accuracy of the upper-bound estimate to the
critical Rayleigh number.

The following criterion is used to decide how many co-
ordinate functions should be included in the trial function
sequence. For a given Taylor number and cylinder aspect
ratio, if the critical Rayleigh number associated with the
(n + 1)-term sequence is less than 19 smaller than the
eritical Rayleigh number associated with the n-term sequence,
then the characteristic determinant is truncated with (n +
1)? elements. It is found for eylinder aspect ratios of in-
terest, 0.25 < 1/2b < 4.0, and for Taylor numbers less than
10 a 10-term sequence always satisfies the aforementioned
criterion. Thus the first ten roots of Eq. (21) are needed for
the caleulations. They are presented in Table 1.

The computed critical Rayleigh number approximations
for various Taylor numbers and cylinder aspect ratios are
presented in Table 2. These results are graphically illus-
trated in Fig. 3 for Taylor numbers up to 10%%. The values
of R, for T > 10 are extrapolated values. It can be seen
that for large values of the Taylor number, the critical Ray-
leigh number is a linear function of the Taylor number. One
observes that R./T is a monotonically increasing function
of the Taylor number and approaches an asymptotic limit.
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Table 2 Critical Rayleigh number approximations

Taylor

number 0.25 0.50 1.00 2.00 4.00
10° 1.2030 X 10+ 3.9241 X 102 2.6329 X 108 2.3650 X 102 2.3018 X 103
101 1.2052 X 10¢ 3.9391 X 103 2.6388.%X 103 2.3667 X 10° 2.3022 X 103
102 1.2265 X 10¢ 4.0886 X 103 2.6972 X 103 2.3835 X 103 2.3066 X 103
103 1.4360 X 10* 5.5512 X 103 3.2752 X 108 2.5509 X 103 2.3501 X 10®
104 3.2359 X 10* 1.7766 X 10* 8.5341 X 103 4.1731 X 103 2.7820 X 103
108 1.4833 X 105 8.8904 X 104 4.2656 X 10¢ 1.7113 X 10¢ 6.7770 X 103
108 8.5886 X 10° 5.0319 X 10° 2.3878 X 10° 9.2694 X 104 3.3984 X 10¢
107 5.5396 X 108 3.1047 X 10° 1.4478 X 108 5.5015 X 10° 1.9281 X 10°
108 4.3031 X 107 2.1754 X 107 9.5190 X 108 3.4878 X 108 1.1879 X 10°
10° 4.0501 X 108 1.8882 X 108 7.3645 X 107 2.4408 X 107 7.7683 X 108
101 4.0324 X 10° - 1.7733 X 10° 6.8208 X 10® 2.0714 X 108 5.8368 X 107

From Eqs. (1) and (2), one has
R/T = avbq/4kx 31)

Since av/4k« is a function of fluid properties only, there is a
limit on the heat flux-radius product below which no con-
vective flow can occur at any rate of rotation. Figure 4
shows this lower limit as a function of storage tank dimen-
sions and cryogen properties.

IV. Discussion of Results

Several approximations have been incorporated into the
model used to examine the feasibility of rotating a cryogenic
storage tank to initiate a convective mixing motion within
the liquid eryogen. The cylindrical vessel is assumed to be
completely filled. This is almost never true (except for
supercritical storage) since an ullage must be available to
permit thermal expansion of the liquid. When a partially
filled vessel is rotating, the fluid will arrange itself so that the
ullage will be along the axis of rotation. The physical prob-
lem is really that of fluid contained between rotating con-
centric cylinders. The outer cylinder is rigid and the inner
cylinder is a shear-free boundary. - This problem is not more
difficult in principle; however, the mechanics of solving it
are more involved. In the similar problem of the stability
of couette flow,! the stability ecriterion increases as the
annular gap width decreases. The same qualitative result is
expected in the rotational destratification problem.

A second approximation incorporated into the model is to
assume the eylindrical tank end walls to be shear free. This
approximation is made by Catton and Edwards? for a some-
what different physical problem, but one with essentially
similar mathematical characteristics. The results indicate
that, if the end walls are rigid, the additional viscous dissipa-
tion that must be overcome is inconsequential when the tank
aspect ratio is greater than 2.0. At a tank aspect ratio of
1.0, the theoretically predicted stability criterion is 109, lower
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than the experimentally observed value. Even at low aspect
ratios the qualitative features of the solution are valid and
the feasibility of initiating a convective flow remains.

Since the possibility of inducing a convective flow in a
heated, spinning cylinder has been demonstrated theoretically,
it is useful to consider a specific eryogen that is used in space
vehicles, i.e., liquid hydrogen. The thermodynamic prop-
erties of liquid hydrogen at 37°R given by Johnson?® are pre-
sented in Table 3. Using these properties and Fig. 3, a
relation among heat flux, rate of rotation, and aspect ratio
for a liquid hydrogen tank can be developed as shown in
Fig. 5.

As an example of the application of these results, consider
a super-insulated liquid hydrogen tank with a heat flux of
0.1 Btu hr—! ft~2, a 15t radius, and a 60-ft length. It is
found from Fig. 5 that a rotational rate of 10% sec™ (one
revolution every 175 hr) will initiate a convective flow within
the tank. This rate of rotation is extremely low and should
be easy to achieve. For typical heat fluxes, tank dimen-
sions, and cryogens, the spin rates required to initiate rota-
tional destratification fall” within typical ACS (attitude
control system) operating regimes.

This memorandum has considered only the feasibility of
inducing a mixing motion. The tank would have to be ro-
tated faster than its critical speed to achieve a specified mix-
ing rate. Experience with similar problems indicates that
increasing the rate of rotation one order of magnitude above
the ecritical speed will increase the effective thermal con-
ductivity of the fluid by a factor of five. Further increases
in spin rates will increase the effective thermal conductivity
by approximately the square root of the spin rate. Since
the ability of the fluid to transfer momentum (i.e., to mix)
is equivalent to the ability of the fluid to transfer heat, mixing
rates should depend on spin rates in a similar manner. Itisnot
known at this point how to put a figure of merit on mixing
rate. Even if it is required that the spin rate be several
orders of magnitude above the critical spin rate to achieve
adequate mixing, the spin rates will only be of the order of
one revolution per day.

Examination of Fig. 5 reveals an interesting paradox. It
can be shown for the foregoing example that if the heat flux
is reduced to less than 0.035 Btu hr—! ft=2, convective mix-
ing will not occur at any spin rate because the centrifugal
body forces cannot overcome the viscous and Coriolis forces.

Table 3 Properties of liquid hydrogen at 37°R

Property Value
a 9.0 X 1073 °F—1
v 1.94 X 1078 f{2 sec™?
k 1.71 X 1078 ft2 sec™?
K 6.7 X 1072 Btu hr -1 ft—t °F !
o 4.35 lbm ft—*

2.5 Btu lbm.~t °F 1

xJ
]
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Fig. 5 Rotation-
heat flux relation in
liquid hydrogen for
various aspect ratios.
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The paradox suggests that it might be possible to optimize a
particular mission by removing tank-wall insulation in order
to ensure adequate mixing and thermal destratification.
The average temperature of the liquid-vapor mixture would
rise, but the tank vapor pressure would fall. A study of
the tradeoffs among insulation thickness (weight), heat
flux, boiloff liquid cryogen weight, ACS weight, ete. for
various missions would be useful to determine the optimum
set of conditions.

There is a need to study ways of starting, maintaining, and
stopping rotation of the large tanks used in long-duration
space missions. The example tank is filled with almost
200,000 1b of liquid hydrogen. Add to this an equivalent
tank weight, and it is clear that even the maintenance of small
spin rates would require large amounts of energy. The
start-up problem requires a study of the time it takes the
cryogen to spin-up to the tank’s design speed. Since the
kinematic viscosity of eryogens is low, the spin-up time may
be long and the tank designer may need to put baffles inside
the tank to achieve rapid spin-up. Once the tank designer
decides on an operating spin rate, he must examine how this
spin-rate influences the ullage and subsequent sloshing and
surface tension effects. These are nonlinear problems that
are beyond the scope of this feasibility study.

Appendix: Evaluation of Matrix Elements

It is convenient to note the following formulas before
evaluating the elements of the coefficient matrix given in
Eq. 28). Let f;(r) be defined by Eq. (20) and

9;(r) = Jileyr) /i) + I(ayr)/Ii(ey) (AL)

One can easily verify

fifey = O (A2)
__Jole)Ja(ey) .
<g1fk> - le(aj) 7] - k %3
4oy l Jole) (@) =
apt — 74 “ Ji(ey) “Ti(ew) | !

Since ¥; = f; cosaz, then it can be shown that

LY, = {(a;* + o9f; + 20a;%,} cosaz (A4)
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Hence, using Egs. (A2) and (A3),
(WL = ({(aut + a9fifi + 202au’guf;} cos?az)

and
(\I]]L4\PL> — aj4 + a4 —_ 2a2aj2 M’ .7 _ lc
J1% ()
(A5)
_ 8a’aa? {w Jolat) — Jo(alc)} ek
ot — af ! Ji(e) ¢ Jilan) )’

One obtains from Eq. (22), L*®, = af sinaz, and observes
that ®; [see Eq. (24)] can be rearranged as

- 20,2 Li(ar) o;? - 2 1.
q)J = a {aj‘i — at [1<a) 0(]'4 — at g; + Olj4 — a4f]} sinaz
(A6)
Hence, using Egs. (A2) and (A3),
202 Ii(ar) o
T2 — 2 _ A
<q>JL @L) a <{ Olj4 — gt I1(a) flc aj4 — g:fk +

a?
_ . m2
i — gt fifer sin az>

—az{ 2a;? l: 2a,? Iy(a)

a _
ot —at Loyt — ot L1(a)

2ak2 Jo(ak) 017'2
—_ "

{g;fe sinaz) +

apt — at le(ak) it — at
a? 2
P {fif sin az)l
and
\ _ 4(2201]'4 Io(a) ‘!,g(aj)
(@,L%)) = (@ — a4)2“{ @ % Iuay)
a*a;®  Jolay)J2(e) ot
=k
ot —at Ji¥ey) * at — a !
a Iy(a)
= 4ol \—————
da’atay {a],4 — atayt — a*I(a)
a; Jo(es) i Joles) }
ot — atat — ot i) ot — antet — ot Ji(aw)
J#=k (A7)
References

t Chandrasekhar, S., Hydrodynamic and Hydromagnetic Sta-
bility, Oxford University Press, London, 1961.

2 Catton, I. and Edwards, D. K. “Initiation of Thermal Con-
vection in Finite Right Circular Cylinders,” AICRE Journal, to
be published.

s Johnson, V. J., ed., “A Compendium of the Properties of
Materials at Low Temperatures,” (Phase 1), Pt. I, Properties of
Fluids, WADD TN 60-56, July 1960 Wright Air Development
Division.

*+ Holmes, L. A, private communication, Dec. 1968, McDonnell-
Douglas Corp., Santa Monica, Calif.



